additive, non-negative measure", and 11J1. 11 is the total mass (or total variation) of the measure J1.; the main purpose is to prove the following theorem. (2 b) otherwise, the {AJ may be chosen SO that strict inequality holds in (1) for all i. Theorem 1.1 has an interesting "distribution of value" or "fair-division" interpretation. Suppose an object, such as a cake or piece of land, is to be divided among n people whose values of the object may differ. What is the largest c possible so that each person may receive a piece he values at least c, according to his own values? Theorem 1.1 essentially says that if the values vary continuously (e.g., pieces of zero volume are worth nothing), then c is at least lin times the harmonic mean of the total values assigned by each person, and that in general it is not possible to do better. 
and if f-li =t= f-l j for some i =t= j, then strict inequality in (3) for all i may be attained.
(Actually, Dubins and Spanier showed more: for example, f-li(A)~Pi may be attained for any Pi~O, it/ i = 1.)
The question underlying (3) dates back to Steinhaus [7J, and the reader is referred to [2J for a number of interesting related results many of which are based on Lyapounov's convexity theorem. A proof of Theorem 1.1 can also be given using the convexity theorem, but the argument below is based on a recent The next proposition provides the key step in the proof; it is a standard generalization, via the non-atomic separable-measure-algebra isomorphism theorem (e.g. The proof of Theorem 1.1 will also use three short lemmas; the first lemma must be known, but as no reference is known to the author, a proof is given. 
,.
Proof. The first inequality in (7) (1) follows immediately; that this bound is best possible in this case is clear.
For the remainder of the proof, suppose Ill1ill >0 for all i= 1, ... , n. Lem ma 2.3 implies that (4) is satisfied with c=n-l h(lll1lll, ''', 1111,,11), (the case 0:1 = ... =0:,,=0 being trivial), and (1) follows from Proposition 2.1; that this bound is best possible will follow from (2a).
Suppose I1Jlll1 i l 1 =11/lll1 j l l for all i,j~n, and let A l , ... , A" be a measurable partition of X satisfying (1) . Then for all i;;;; n, (II,u111, . .. , lI,u n ll), so by (1) equality holds throughout, which establishes (2 a). When ,u1' ... , ,un are all probability measures, applications of inequalities of the type in Corollary 1.2 have been made to statistical hypotheses testing (see for example [3, 6J) . If the domain in question has a particular structure (e.g., as in [5J), then one may ask whether there is a measurable partition {AJ with the same structure satisfying (1) or (3). The following theorem is a typical result along these lines; its proof uses an idea in [5J and is given here primarily as an application of the strict inequality conclusion (2b) of Theorem 1.1. Clearly the conclusion of Theorem 1.1 may fail if the measures have atoms (the worst case being when each /1i is the dirac delta measure on the same point x E X), and as the next example shows, the conclusion (1) may also fail if the requirement of finiteness of the measures is dropped (where h is defined using 0-1 = 00 and 00 -1 = 0). If the requirement of non-negativity of the measures is dropped, it is also easy to see that inequality (1) may fail, whether 11/111 is interpreted either as the total variation or as the total mass of /1.
